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Abstract: We show that the Bekenstein-Hawking entropy of a class of BPS electrically
charged rotating black holes in AdS5 × S5 can be obtained by a simple extremization
principle. We expect that this extremization corresponds to the attractor mechanism for
BPS rotating black holes in five-dimensional gauged supergravity, which is still unknown.
The expression to be extremized has a suggestive resemblance to anomaly polynomials
and the supersymmetric Casimir energy recently studied for N = 4 super Yang-Mills.
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1 Introduction
The derivation of the entropy of BPS electrically charged rotating black holes in AdS5×S5
[1–5] in terms of states of the dual N = 4 SU(N) super Yang-Mills (SYM) theory is still
an open problem. Various attempts have been made in this direction [6–8] but none was
really successful. One could consider the superconformal index [6, 9] since it counts states
preserving the same supersymmetries of the black holes and it depends on a number of
fugacities equal to the number of conserved charges of the black holes. However, due to a
large cancellation between bosonic and fermionic states, the index is a quantity of order one
for generic values of the fugacities while the entropy scales like N2 [6]. We also know that
the supersymmetric partition function on S3 × S1 is equal to the superconformal index
only up to a multiplicative factor e−βESUSY , where the supersymmetric Casimir energy
ESUSY is of order N
2 [10–16]. However, it is not clear what the average energy of the
vacuum should have to do with the entropy, which is the degeneracy of ground states.
The analogous problem for static, asymptotically AdS4 dyonic black holes was recently
– 1 –
solved in [17, 18]. It was shown in [17, 18] that the topologically twisted index for three-
dimensional gauge theories [19]1 has no large cancellation between bosons and fermions at
large N , it scales like N3/2 [17, 24, 25] (see also [26]) and correctly reproduces the entropy
of a class of BPS black holes in AdS4×S7. More precisely, the topologically twisted index
Ztwisted is a function of magnetic charges pi and fugacities ∆i for the global symmetries of
the theory. The entropy of the black holes with electric charges qi is then obtained as a
Legendre transform of logZtwisted:
S(qi, pi) = logZtwisted(pi,∆i)− i
∑
i
qi∆i
∣∣∣
∆¯i
, (1.1)
where ∆¯i is the extremum of I(∆i) = logZtwisted(pi,∆i)− iqi∆i. This procedure has been
called I−extremization in [17, 18] and shown to correspond to the attractor mechanism
in gauged supergravity [27–33].
It is natural to ask what would be the analogous of this construction in five dimensions.
In this paper, we humbly look attentively at the gravity side of the story and try to
understand what kind of extremization can reproduce the entropy of the supersymmetric
rotating black holes. Unfortunately, the details of the attractor mechanism for rotating
black holes in five-dimensional gauged supergravity are not known but we can nevertheless
find an extremization principle for the entropy. The final result is quite surprising and
intriguing.
We consider the class of supersymmetric rotating black holes found and studied in [1–
5]. They are asymptotic to AdS5×S5 and depend on three electric charges QI (I = 1, 2, 3),
associated with rotations in S5, and two angular momenta Jφ, Jψ in AdS5. Supersymmetry
actually requires a constraint among the charges and only four of them are independent.
We show that the Bekenstein-Hawking entropy of the black holes can be obtained as the
Legendre transform of the quantity2
E = −ipiN2 ∆1∆2∆3
ω1ω2
, (1.2)
where ∆I are chemical potentials conjugated to the electric charges QI and ω1,2 chemical
potentials conjugated to the angular momenta Jφ, Jψ. The constraint among charges is
reflected in the following constraint among chemical potentials,
∆1 + ∆2 + ∆3 + ω1 + ω2 = 1 . (1.3)
To further motivate the result (1.2) we shall consider the case of equal angular momenta
Jψ = Jφ. In this limit, the black hole has an enhanced SU(2)× U(1) isometry and it can
be reduced along the U(1) to a static dyonic black hole in four dimensions. We show that,
1For further developments see [20–23].
2Notice that one can write the very same entropy as the result of a different extremization in the
context of the Sen’s entropy functional [34, 35]. The two extremizations are over different quantities and
use different charges.
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upon dimensional reduction, the extremization problem based on (1.2) coincides with the
attractor mechanism in four dimensions, which is well understood for static BPS black
holes [27–33].
It is curious to observe that the expression (1.2) is formally identical to the super-
symmetric Casimir energy for N = 4 SYM, as derived, for example, in [13] and reviewed
in appendix C. It appears in the relation ZN=4 = e−EI between the partition function
ZN=4 on S3 × S1 and the superconformal index I. Both the partition function and the
superconformal index are functions of a set of chemical potentials ∆I (I = 1, 2, 3) and ωi
(i = 1, 2) associated with the R-symmetry generators U(1)3 ∈ SO(6) and the two angular
momenta U(1)2 ∈ SO(4), respectively. Since the symmetries that appear in the game must
commute with the preserved supercharge, the index and the partition function are actually
functions of only four independent chemical potentials, precisely as our quantity E. The
constraint among chemical potentials is usually imposed as
∑3
I=1 ∆I +
∑2
i=1 ωi = 0. Since
chemical potentials in our notations are periodic of period 1, our constraint (1.3) reflects a
different choice for the angular ambiguities. We comment about the interpretation of this
result in the discussion section, leaving the proper understanding to future work.
The paper is organized as follows. In section 2 we review the basic features of the
BPS rotating black holes of interest. In section 3, we show that the Bekenstein-Hawking
entropy of the black hole can be obtained as the Legendre transform of the quantity
(1.2). In section 4, we perform the dimensional reduction of the black holes with equal
angular momenta down to four dimensions and we prove that the extremization of (1.2)
is equivalent to the attractor mechanism for four-dimensional static BPS black holes in
gauged supergravity. We conclude in section 5 with discussions and future directions. The
appendices contain the relevant information and conventions about gauged supergravity
in five and four dimensions and the supersymmetric Casimir energy.
2 Supersymmetric AdS5 black holes in U(1)
3 gauged supergravity
In this section we will briefly review a class of supersymmetric, asymptotically AdS, black
holes of D = 5 U(1)3 gauged supergravity [1–5]. They can be embedded in type IIB
supergravity as an asymptotically AdS5 × S5 solution which is exactly the decoupling
limit of the rotating D3-brane [36]. Further details about the supergravity model can be
found in [36] and appendix A. When lifted to type IIB supergravity they preserve only
two real supercharges [37]. They are characterized by their mass, three electric charges
and two angular momenta with a constraint, and are holographically dual to 1/16 BPS
states of N = 4 SU(N) SYM theory on S3 × R at large N .
We shall primarily be interested in the so-called N = 2 gauged STU model, that arises
upon compactification of type IIB supergravity on S5. In the notations of appendix A, the
only nonvanishing triple intersection numbers are C123 = 1 (and cyclic permutations). The
bosonic sector of the theory comprises three gauge fields which correspond to the Cartan
subalgebra of the SO(6) isometry of S5, the metric, and three real scalar fields subject to
– 3 –
the constraint
L1L2L3 = 1 . (2.1)
They take vacuum values L¯I = 1. The five-dimensional black hole metric can be written
as [5]
ds2 = −(H1H2H3)−2/3 (dt+ ωψdψ + ωφdφ)2 + (H1H2H3)1/3 hmndxmdxn , (2.2)
where
HI = 1 +
√
ΞaΞb (1 + g
2µI)− Ξa cos2 θ − Ξb sin2 θ
g2r2
, (2.3)
hmndx
mdxn = r2
{
dr2
∆r
+
dθ2
∆θ
+
cos2 θ
Ξ2b
[
Ξb + cos
2 θ
(
ρ2g2 + 2 (1 + bg) (a+ b) g
)]
dψ2
+
sin2 θ
Ξ2a
[
Ξa + sin
2 θ
(
ρ2g2 + 2 (1 + ag) (a+ b) g
)]
dφ2
+
2 sin2 θ cos2 θ
ΞaΞb
[
ρ2g2 + 2 (a+ b) g + (a+ b)2 g2
]
dψdφ
}
,
(2.4)
∆r = r
2
[
g2r2 + (1 + ag + bg)2
]
, ∆θ = Ξa cos
2 θ + Ξb sin
2 θ ,
Ξa = 1− a2g2 , Ξb = 1− b2g2 , ρ2 = r2 + a2 cos2 θ + b2 sin2 θ ,
(2.5)
ωψ = −g cos
2 θ
r2Ξb
[
ρ4 +
(
2r2m + b
2
)
ρ2 +
1
2
(
β2 − a2b2 + g−2
(
a2 − b2))] ,
ωφ = −g sin
2 θ
r2Ξa
[
ρ4 +
(
2r2m + a
2
)
ρ2 +
1
2
(
β2 − a2b2 − g−2
(
a2 − b2))] , (2.6)
and
r2m = g
−1(a+ b) + ab ,
β2 = ΞaΞb (µ1µ2 + µ1µ3 + µ2µ3)−
2
√
ΞaΞb
(
1−√ΞaΞb
)
g2
(µ1 + µ2 + µ3) +
3
(
1−√ΞaΞb
)2
g4
.
(2.7)
The gauge coupling constant g is fixed in terms of the AdS5 radius of curvature, g = 1/`.
The coordinates are (t, r, θ, φ, ψ) where r > 0 corresponds to the exterior of the black hole,
0 ≤ θ ≤ pi/2 and 0 ≤ φ, ψ ≤ 2pi. The scalars read
LI =
(H1H2H3)
1/3
HI
, (2.8)
while the gauge potentials are given by
AI = H−1I (dt+ ωψdψ + ωφdφ) + U
I
ψdψ + U
I
φdφ , (2.9)
where
U Iψ =
g cos2 θ
Ξb
[
ρ2 + 2r2m + b
2 −
√
ΞaΞbµI + g
−2
(
1−
√
ΞaΞb
)]
,
U Iφ =
g sin2 θ
Ξa
[
ρ2 + 2r2m + a
2 −
√
ΞaΞbµI + g
−2
(
1−
√
ΞaΞb
)]
.
(2.10)
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The black hole is labeled by five parameters: µ1,2,3, a, b where g
−1 > a, b ≥ 0. Only four
parameters are independent due to the constraint
µ1 + µ2 + µ3 =
1√
ΞaΞb
[
2r2m + 3g
−2
(
1−
√
ΞaΞb
)]
. (2.11)
Furthermore, regularity of the scalars for r ≥ 0 entails that
g2µI >
√
Ξb
Ξa
− 1 ≥ 0 , (2.12)
when a ≥ b. If a < b then the same expression remains valid with a and b interchanged.
2.1 The asymptotic AdS5 vacuum
This solution is expressed in the co-rotating frame. The change of coordinates t = t¯,
φ = φ¯ − gt¯, ψ = ψ¯ − gt¯, and y2 = r2 + 2r2m/3 transforms the metric to a static frame at
infinity. In order to bring the metric into a manifestly asymptotically AdS5 spacetime (in
the global sense) as y →∞ we make the following change of coordinates [5]
ΞaY
2 sin2 Θ =
(
y2 + a2
)
sin2 θ , ΞbY
2 cos2 Θ =
(
y2 + b2
)
cos2 θ . (2.13)
One gets the line element
ds2 ' −g2Y 2 dt¯2 + dY
2
g2Y 2
+ Y 2
(
dΘ2 + sin2 Θ dφ¯2 + cos2 Θ dψ¯2
)
. (2.14)
The black hole has the Einstein universe R×S3 as its conformal boundary. In the asymp-
totically static coordinates, the supersymmetric Killing vector field reads
V =
∂
∂t¯
+ g
∂
∂φ¯
+ g
∂
∂ψ¯
, (2.15)
which is timelike everywhere outside the black hole and is null on the conformal boundary.
2.2 Properties of the solution
It is convenient to define the following polynomials,
γ1 = µ1 + µ2 + µ3 , γ2 = µ1µ2 + µ1µ3 + µ2µ3 , γ3 = µ1µ2µ3 . (2.16)
The black hole carries three U(1)3 ⊂ SO(6) electric charges in S5 which are given by
QI =
pi
4G
(5)
N
[
µI +
g2
2
(
γ2 − 2γ3
µI
)]
, for I = 1, 2, 3 , (2.17)
and two U(1)2 ⊂ SO(4) angular momenta in AdS5 that read
Jψ =
pi
4G
(5)
N
[
gγ2
2
+ g3γ3 + g
−3
(√
Ξa
Ξb
− 1
)
J
]
,
Jφ =
pi
4G
(5)
N
[
gγ2
2
+ g3γ3 + g
−3
(√
Ξb
Ξa
− 1
)
J
]
.
(2.18)
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Here, G
(5)
N is the five-dimensional Newton constant and we defined
J ≡
3∏
I=1
(
1 + g2µI
)
. (2.19)
The mass of the black holes is determined by the BPS condition
M = g|Jφ|+ g|Jψ|+ |Q1|+ |Q2|+ |Q3| , (2.20)
which yields
M =
pi
4G
(5)
N
[
γ1 +
3g2γ2
2
+ 2g4γ3 +
(√
Ξa −
√
Ξb
)2
g2
√
ΞaΞb
J
]
. (2.21)
The solution has a regular event horizon at rh = 0 only for nonzero angular momenta
in AdS5. The angular velocities of the horizon, measured with respect to the azimuthal
coordinates ψ and φ of the asymptotically static frame at infinity, are
Ωψ = Ωφ = g . (2.22)
The near-horizon geometry is a fibration of AdS2 over a non-homogeneously squashed S
3
[38] with area
Area = 2pi2
√
γ3 (1 + g2γ1)− g
2γ22
4
−
(√
Ξa −
√
Ξb
)2
g6
√
ΞaΞb
J . (2.23)
Positivity of the expression within the square root ensures the absence of closed causal
curves near r = 0. The Bekenstein-Hawking entropy of the black hole is proportional to
its horizon area and can be compactly written in terms of the physical charges as [39]
SBH =
Area
4G
(5)
N
=
2pi
g
√
Q1Q2 +Q2Q3 +Q1Q3 − pi
4G
(5)
N g
(Jφ + Jψ) . (2.24)
Finally, let
XI =
(
1 + g2µI
)√
ΞaΞb −∆θ . (2.25)
The values of the scalar fields at the horizon read
LI(rh) =
(X1X2X3)1/3
XI .
(2.26)
In the next section we will obtain the Bekenstein-Hawking entropy (2.24) of the BPS
black hole from an extremization principle.
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3 An extremization principle for the entropy
We shall now extremize the quantity (1.2), and show that the extremum precisely repro-
duces the entropy of the multi-charge BPS black hole discussed in the previous section.
Let us first introduce some notation that facilitates the comparison with supergravity:
XI ≡ ∆I , X0± ≡ ω1 ± ω2 , (3.1)
where I = 1, 2, 3. We shall also use J± ≡ Jφ ± Jψ,
J+ =
pi
4G
(5)
N
[
gγ2 + 2g
3γ3 +
(√
Ξa −
√
Ξb
)2
g3
√
ΞaΞb
J
]
,
J− =
pi
4G
(5)
N
Ξb − Ξa
g3
√
ΞaΞb
J .
(3.2)
Thus, we can rewrite the quantity (1.2) as
E = − 2pi
2i
g3G
(5)
N
X1X2X3
(X0+)
2 − (X0−)2
, (3.3)
where we used the standard relation between gravitational and QFT parameters in the
large N limit,
pi
2g3G
(5)
N
= N2 . (3.4)
In the following we set the unit of the AdS5 curvature g = 1. The entropy of the BPS
black hole, at leading order, can be obtained by extremizing the quantity3
S = −E (X0±, XI)+ 2pii 3∑
I=1
QIX
I − pii (J+X0+ + J−X0−) , (3.5)
with respect to XI , X0± and subject to the constraint (1.3),
X0+ +
3∑
I=1
XI = 1 . (3.6)
At this stage, we find it more convenient to work in the basis zα (α = 0, 1, 2, 3) which is
related to
(
X0±, X
I
)
by
X0− =
z0
1 + z1 + z2 + z3
, X0+ =
1
1 + z1 + z2 + z3
,
X1,2,3 =
z1,2,3
1 + z1 + z2 + z3
.
(3.7)
3This is not the only possible choice of signs. There are various sign ambiguities in the superconformal
index literature as well as in the black hole one that should be fixed in a proper comparison between
gravity and field theory.
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Hence, in terms of the variables zα the extremization equations can be written as
[
(z0)2 − 1]{[(z0)2 − 1] ci + z1z2z3
zi
}
− 2z1z2z3 = 0 , for i = 1, 2, 3 ,
c0
[
(z0)2 − 1]2 − 2z0z1z2z3 = 0 , (3.8)
where we defined the constants
c0 =
J (Ξb − Ξa)
8
√
ΞaΞb
, ci =
J
4
(
1
1 + µi
− Ξb + Ξa
2
√
ΞaΞb
)
. (3.9)
With an explicit computation one can check that the value of S (zα) at the critical point
precisely reproduces the entropy of the black hole,
S∣∣
crit
(
J±, QI
)
= SBH
(
J±, QI
)
. (3.10)
It is remarkable that the solution to the extremization equations (3.8) is complex; however,
at the saddle-point it becomes a real function of the black hole charges. We conclude that
the extremization of the quantity (1.2) yields exactly the Bekenstein-Hawking entropy of
the 1/16 BPS black holes in AdS5 × S5.
So far the discussion was completely general. In the next section, we will analyze the
case Jφ = Jψ, for which the solution to the extremization equations takes a remarkably
simple form.
4 Dimensional reduction in the limiting case: Jφ = Jψ
We gain some important insight by considering the dimensional reduction of the five-
dimensional BPS black holes when the two angular momenta are equal. The black hole
metric on the squashed sphere then has an enhanced isometry SU(2)×U(1) ⊂ SO(4). If we
choose the appropriate Hopf coordinates we can dimensionally reduce the solution along
the U(1) down to four-dimensional gauged supergravity. As discussed in [40], it turns out
that such a dimensional reduction makes sense not only for asymptotically flat solutions
where first discovered in [41–44] but also for the asymptotically AdS solutions in the gauged
supergravity considered here. A crucial difference is that the lower-dimensional vacuum
will no longer be maximally symmetric but will instead be of the hyperscaling-violating
Lifshitz (hvLif) type [40].
The reason for looking at the limit Jφ = Jψ is simple: due to the SU(2) symmetry
the lower-dimensional solution is guaranteed to be static and the horizon metric is a
direct product AdS2 × S2 geometry, as will be shown in due course. Since the attractor
mechanism for static BPS black holes in four-dimensional N = 2 gauged supergravity has
been completely understood [28–30] we can fit the reduced solution in this framework.
– 8 –
4.1 The near-horizon geometry
We begin by taking the near-horizon limit, r → 0, of the BPS black hole solution presented
in section 2. We set a = b, corresponding to the equal angular momenta (Jψ = Jφ), and
adopt the notation Ξa = Ξb ≡ Ξ.
Let us first introduce the following coordinates,
ψ ≡ 1
2
(χ+ ϕ) , φ ≡ 1
2
(χ− ϕ) , θ ≡ 1
2
ϑ , (4.1)
where ϑ, ϕ, χ are the Euler angles of S3 with 0 ≤ ϑ ≤ pi, 0 ≤ ϕ < 2pi, 0 ≤ χ < 4pi. The
near-horizon geometry then reads
ds2 = R2AdS2ds
2
AdS2
+ γ
1/3
3 ds
2
M3 ,
LI =
γ
1/3
3
µI
, AI =
γ
1/3
3
µI
RAdS2 r˜ dt˜+ g
(
γ1 − µI − γ2
2µI
)
dγ ,
(4.2)
where we defined
ds2AdS2 = −r˜2dt˜2 +
dr˜2
r˜2
, R2AdS2 =
γ
1/3
3
4(1 + g2γ1)
,
r˜ =
r2
4R2AdS2
, t˜ =
2
Ξ
√
γ
1/3
3 (1 + g
2γ1)
t ,
(4.3)
ds2M3 = ds
2
S3 −
[
Γ2γ
1/3
3 −
ag(4 + 5ag)
Ξ
]
dγ2 + 2RAdS2 Γr˜ dt˜ dγ ,
Γ =
g (3a4 + 4a2r2m + β2)
2Ξ2γ
2/3
3
,
(4.4)
and
ds2S3 =
1
4
(
dϑ2 + dϕ2 + dχ2 + 2 cosϑ dϕ dχ
)
=
1
4
3∑
i=1
σi , dγ =
σ3
2
. (4.5)
Here, σi (i = 1, 2, 3) are the right-invariant SU(2) one-forms,
σ1 = − sinχdϑ+ cosχ sinϑ dϕ ,
σ2 = cosχdϑ+ sinχ sinϑ dϕ ,
σ3 = dχ+ cosϑ dϕ .
(4.6)
Notice that
ds2S2 = σ
2
1 + σ
2
2 = dϑ
2 + sin2 ϑ dϕ2 . (4.7)
Due to the constraint (2.11) we can simplify
a(4 + 5ag)
Ξ
= gγ1 , Γ =
gγ2
2γ
2/3
3
. (4.8)
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Upon a further rescaling of the time coordinate
t˜ = −1
2
√
4− g
2γ22
γ3(1 + g2γ1)
τ , (4.9)
the near-horizon metric with squashed AdS2 ×w S3 geometry and the gauge fields can be
brought to the form:
ds2(5) = R
2
AdS2
ds2AdS2 +
R2S2
4
[
ds2S2 + υ (σ3 − α r˜dτ)2
]
,
LI =
γ
1/3
3
µI
, AI(5) = e
I r˜ dτ − f I σ3 .
(4.10)
Here, we defined the constants
α =
gγ2
2 (1 + g2γ1)
√
γ3υ
, R2S2 = γ
1/3
3 ,
eI = −
√
γ3υ
2µI(1 + g2γ1)
, f I =
g
4
(µI − γ1) + gγ3
4µ2I
,
(4.11)
and
υ = 1 + g2γ1 − g
2γ22
4γ3
. (4.12)
Note that we added the subscript (5) in order to emphasize that these are five-dimensional
quantities which will next be related to a solution in four dimensions via dimensional
reduction along the χ direction.
4.2 Dimensional reduction on the Hopf fibres of squashed S3
In five-dimensional supergravity theories, including nV abelian gauge fields A
I
(5) and real
scalar fields LI (I = 1, . . . , nV) coupled to gravity, the rules for reducing the bosonic fields
are the following [43, 45–48]:
ds2(5) = e
2φ ds2(4) + e
−4φ (dx5 − A0(4))2 , dx5 = dχ ,
AI(5) = A
I
(4) + Re zI
(
dx5 − A0(4)
)
,
LI = e2φ Im zI , e−6φ =
1
6
CIJK Im zI Im zJ Im zK ,
(4.13)
where ds2(4) denotes the four-dimensional line element, the A
Λ
(4) (Λ = 0, I) are the four-
dimensional abelian gauge fields and zI are the complex scalar fields in four dimensions.
Our conventions for N = 2 gauged supergravity in four dimensions are presented in
appendix B. The four-dimensional theory has nV abelian vector multiplets, parameterizing
a special Ka¨hler manifold M with metric gij¯, in addition to the gravity multiplet (thus a
total of nV + 1 gauge fields and nV complex scalars). The scalar manifold is defined by
the prepotential F (XΛ), which is a homogeneous holomorphic function of sections XΛ,
F (XΛ) = −1
6
CIJKX
IXJXK
X0
= −X
1X2X3
X0
. (4.14)
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In the second equality we employed the five-dimensional supergravity data for the STU
model from section 2. In N = 2 gauged supergravity in four dimensions the U(1)R
symmetry, rotating the gravitini, is gauged by a linear combination of the (now four)
abelian gauge fields. The coefficients are called Fayet-Iliopoulos (FI) parameters gΛ and
three of them can be directly read off the five-dimensional theory: g1 = g2 = g3 = 1.
4 The
last coefficient, g0, measuring how the Kaluza-Klein gauge potential A
0
(4) enters the R-
symmetry, can be left arbitrary for the moment. This can be achieved by a Scherk-Schwarz
reduction when allowing a particular reduction ansatz for the gravitino as explained in
[45, 48–51]. The prepotential and the FI parameters uniquely specify the four-dimensional
N = 2 gauged supergravity Lagrangian and BPS variations.
Now, we can proceed with the explicit reduction of the line element (4.10) on the Hopf
fibres of S3 viewed as a U(1) bundle over S2 ∼= CP1. We thus identify x5 with χ. The
four-dimensional solution takes the form5
ds2(4) = −e2U dτ˜ 2 + e−2Udr2 + e2(V−U)
(
dϑ2 + sin2 ϑ dϕ2
)
,
A0(4) = q˜
0
(4)(r) dτ˜ − cosϑ dϕ , AI(4) = q˜I(4)(r) dτ˜ ,
(4.15)
where
eU =
√
2
RAdS2R
1/2
S2 υ
1/4
r , eV =
RS2
2RAdS2
r ,
q˜0(4)(r) = −
2α
R2AdS2RS2υ
1/2
r , q˜I(4)(r) = −
2
(
eI − f Iα)
R2AdS2RS2υ
1/2
r .
(4.16)
The complex scalars are given by
zI = −f I + i
2
RS2υ
1/2LI = −f I + i
2
υ1/2γ
1/2
3
µI
. (4.17)
Employing Eq. (B.20) we can compute the conserved electric charges. After some work
they read
q0 =
g
8
(
γ2 + 2g
2γ3
)
=
G
(5)
N
pi
Jφ ,
qI = −1
4
[
µI +
g2
2
(
γ2 − 2γ3
µI
)]
= −G
(5)
N
pi
QI .
(4.18)
This is in agreement with [52]. The magnetic charges of the four-dimensional solution can
be directly read off the spherical components of the gauge fields AΛ(4) (4.15),
p0 = 1 , pI = 0 . (4.19)
4In consistent models one can always apply an electric-magnetic duality transformation so that the
corresponding gauging becomes purely electric, i.e., gΛ = 0.
5We have rescaled the time coordinate, τ˜ ≡ −RS2RAdS2
√
υ τ/2, in order to put the AdS2 part of the
metric in the canonical coordinates.
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The entropy of the four-dimensional black hole precisely equals the entropy of the rotating
black hole in five dimensions,
S
(4)
BH =
Area(4)
4G
(4)
N
=
pie2(V−U)
G
(4)
N
=
pi2R3S2υ
1/2
2G
(5)
N
= S
(5)
BH , (4.20)
upon using the standard relation
1
G
(4)
N
=
4pi
G
(5)
N
. (4.21)
4.3 Attractor mechanism in four dimensions
Let us define the central charge of the black hole Z and the superpotential L,
Z = eK/2 (qΛXΛ − pΛFΛ) , L = eK/2 (gΛXΛ − gΛFΛ) . (4.22)
The BPS equations for the near-horizon solution (B.13) with constant scalar fields zi imply
that [29]:6
Z + 2ie2(V−U)L = 0 , Dj
(Z + 2ie2(V−U)L) = 0 , (4.23)
which can be rewritten as
∂j
Z
L = 0 , i
Z
L = 2e
2(V−U) . (4.24)
Here, Dj = ∂j +
1
2
∂jK with K being the Ka¨hler potential [see Eq. (B.4)]. Therefore, the
complex scalar fields zi are fixed at the horizon such that the quantity iZL has a critical
point on M and then its value is proportional to the Bekenstein-Hawking entropy of the
BPS black hole.
We can extremize the quantity iZL under the following gauge fixing constraint, which
precisely corresponds to (1.3),
g0X
0 +
3∑
I=1
XI = 1 , (4.25)
where we plugged in the explicit values for the FI parameters, i.e., g1 = g2 = g3 = 1. The
real sections XΛ are constrained in the range 0 < XΛ < 1. We find that
∂I
[
3∑
I=1
XI
(
qI − q0
g0
)
+
q0
g0
− g
2
0X
1X2X3
(1−X1 −X2 −X3)2
]
= 0 , for I = 1, 2, 3 , (4.26)
where ∂I ≡ ∂/∂XI . The sections at the horizon are obtained from
X0 =
1
g0 (1 + z1 + z2 + z3)
, X1,2,3 =
z1,2,3
1 + z1 + z2 + z3
. (4.27)
6From comparing (4.23) with equations (3.5) and (3.8) in [29], we see that they differ by a factor of 2.
This is due to our different convention for the action (see footnote 10).
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We are now in a position to determine the value of the FI parameter g0. Partial topo-
logical A-twist along S2, embedding the spacetime holonomy group into the R-symmetry,
ensures that N = 2 supersymmetry is preserved in four dimensions [53]. The twisting
amounts to an identification of the spin connection with the R-symmetry so that one of
the SUSY parameters becomes a scalar. This leads to the following Dirac-like quantization
condition [28–30]:
gΛp
Λ = 1 = g0p
0 , (4.28)
which fixes the value of g0 = 1. It is straightforward to check that, substituting the
values for the physical scalars at the horizon (4.17), the charges (4.18), and setting g0 = 1,
Eq. (4.26) is fulfilled. The scalars z¯i(rh) at the horizon are determined in terms of the
black hole charges qI by virtue of the attractor equations:
qI − q0 =
(
2 +
1
z¯I
)
z¯1z¯2z¯3 . (4.29)
The value of iZL at the critical point yields,
i
Z
L
∣∣∣∣
crit
(qΛ) = 2e
2(V−U) =
2G
(4)
N
pi
S
(4)
BH (qΛ) . (4.30)
The holding of the four-dimensional BPS attractor mechanism for the dimensionally re-
duced near-horizon geometry (4.15) proves that the dimensional reduction preserves the
full amount of supersymmetries originally present in five dimensions.
Due to the very suggestive form of the attractor equations (4.26) it is now not hard
to compare them with the five-dimensional extremization.
4.4 Comparison with five-dimensional extremization
Consider the quantity E in (3.3) rewritten in terms of the chemical potentials for J± and
Q1,2,3. Recall that we are focusing on the case with equal angular momenta, i.e., Jψ = Jφ
(so J− = 0). Extremizing (3.5) with respect to X0− fixes the value of X
0
− = 0. Thus, the
black hole entropy is obtained by extremizing the quantity
S∣∣
J−=0 =
2pi2i
G
(5)
N
X1X2X3
(X0+)
2 + 2pii
3∑
I=1
QIX
I − piiJ+X0+ , (4.31)
subject to the constraint (3.6). Identifying X0 in (4.26) with X0+ in (4.31), and using
g0 = 1 together with (4.18), we find that the extremization of S corresponds to the four-
dimensional attractor mechanism on the gravity side and they lead to the same entropy.
5 Discussion and future directions
We have shown that the entropy of a supersymmetric rotating black hole in AdS5 with
electric charges QI (I = 1, 2, 3) and angular momenta Jφ ≡ J1, Jψ ≡ J2 can be obtained
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as the Legendre transform of the quantity (−E) in (1.2),
S(QI , Ji) = −E(∆I , ωi) + 2pii
( 3∑
I=1
QI∆I −
2∑
i=1
Jiωi
)∣∣∣∣
∆¯I ,ω¯i
, (5.1)
where ∆¯I and ω¯i are the extrema of the functional on the right hand side.
The result is quite intriguing and deserves a better explanation and understanding.
We leave a more careful analysis for the future. For the moment, let us just make few
preliminary observations.
The quantity E can be interpreted as a combination of ’t Hooft anomaly polynomials
that arise studying the partition function ZN=4(∆I , ωi) on S3 × S1 or the superconformal
index I(∆I , ωi) for N = 4 SYM [13, 16]. Some explicit expressions are given in appendix
C. In particular, E is formally equal to the supersymmetric Casimir energy of N = 4
SYM as a function of the chemical potentials (see for example equation (4.50) in [13] and
appendix C). However, this analogy is only formal since we are imposing the constraint
(1.3). Chemical potentials are only defined modulo 1, so the constraint to be imposed
on them also suffers from angular ambiguities. Consistency of the index and partition
function just requires
∑3
I=1 ∆I +
∑2
i=1 ωi ∈ Z. To recover the known expressions for
the supersymmetric Casimir energy and for consistency with gauge anomaly cancellations
[12, 13], one needs to impose
∑3
I=1 ∆I +
∑2
i=1 ωi = 0, and this contrasts with (1.3).
It would be tempting to interpret the Legendre transform (5.1) as a result of the
saddle-point approximation of a Laplace integral of ZN=4 in the limit of large charges
(large N).7 Ignoring angular ambiguities, E is the leading contribution at order N2 of
the logarithm of the partition function ZN=4 on S3 × S1. Indeed, logZN=4 = −E + log I
[10–16] and the index is a quantity independent of N for generic values for the chemical
potentials [6]. In these terms, the result would be completely analogous to the connection
between asymptotically AdS4× S7 black hole entropy and the topologically twisted index
of ABJM [17, 18].
The appearance of the supersymmetric Casimir energy can be surprising since the
entropy counts the degeneracy of ground states of the system. However, the dimensional
reduction to four dimensions performed in Section 4 offers a different perspective on this
point. The dimensionally reduced black hole is static but not asymptotically AdS. Let us
assume that we can still use holography. In the dimensional reduction, a magnetic flux
p0 is turned on for the graviphoton. This means that supersymmetry is preserved with a
topological twist. The same should be true for the boundary theory. It is then tempting
to speculate that, upon dimensional reduction, the partition function ZN=4 becomes the
topologically twisted index of the boundary three-dimensional theory [19]. The super-
symmetric Casimir energy, which is the leading contribution of logZN=4 at large N then
becomes the leading contribution of the three-dimensional topologically twisted index and
7We are ignoring here potential sign ambiguities in the definition of charges.
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the latter is known to correctly account for the microstates of four-dimensional black holes
[17, 18].
The above discussion ignores completely the angular ambiguities and the role of the
constraint (1.3), which should be further investigated. For sure, the result of the extrem-
ization of E is complex and lies in the region where the chemical potentials satisfy (1.3).
Unfortunately, we are not aware of a general discussion of the possible regularizations
of ZN=4 that takes into account the angular ambiguities. Moreover, there is some recent
claim [54, 55] of the presence of an anomaly in the supersymmetry transformations leading
to a modification of the BPS condition in gravity that would be interesting to investigate
further in this context.
Both the constraint (1.3) and the analogous of the more traditional one
∑3
I=1 ∆I +∑2
i=1 ωi = 0 have been used in the literature to explore different features of ZN=4 or the
index. The traditional constraint has been used in the analysis of the high temperature
limit of the index [56, 57] (see also [58, 59]) and in the study of factorization properties
[60]. On the other hand, the importance of (1.3) has been stressed in [16] where the
constraint has been used to extract the supersymmetric Casimir energy directly from the
superconformal index.8 See appendix C for more details. In the low temperature limit,
which can be obtained by rescaling ∆I → β∆I , ωi → βωi and taking large β, the angular
ambiguity in the constraint disappears.
Finally, it is worth mentioning that angular ambiguities also played a prominent role in
the evaluation of the saddle-point for the topologically twisted index of the ABJM theory
and the comparison with the entropy of AdS4 black holes [17].
All this is quite speculative and we hope to come back with more precise statements
in the future. There are also other directions to investigate. Let us mention some of them.
Attractor mechanism in five dimensions — it is known that in five-dimensional
N = 2 ungauged supergravity the near-horizon geometry of an extremal BPS black hole is
governed by the attractor mechanism [27, 62–64]. That is, the values of the scalar fields at
the horizon are fixed by black hole charges, and the area of the black hole horizon is given
in terms of the extremal value of the central charge Z¯ in moduli space and the angular
momentum J ,
Area(5) =
pi2
3
√
Z¯3 − J2 . (5.2)
It would be interesting to find analogous results in five-dimensional gauged supergravity9
and see if we can recover the extremization principle (5.1).
Rotating attractors in four dimensions — as explained in section 4 we only under-
stand well the static attractor equations in four dimensions. It is natural to extend this
8Interestingly, the same constraint is also used in relating the universal part of supersymmetric Re´nyi
entropy to an equivariant integral of the anomaly polynomial [61].
9First-order flow equations for stationary black brane solutions and magnetically charged black strings
in five-dimensional N = 2 gauged supergravity were analyzed in [65–67].
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analysis to rotating cases, which will correspond to the refinement by angular momentum
in the dual field theory. We would have already had an example of a rotating attractor if
we were to consider the dimensional reduction of the generic BPS black hole with Jψ 6= Jφ.
Dimensional reduction of black strings in five dimensions — similarly to the
reduction of BPS black holes from five to four dimensions, one could perform a reduction
between five-dimensional BPS black strings and four-dimensional BPS black holes, as it
was already done in [40]. Given the recent results [68] on the topologically twisted index
for N = 1 supersymmetric theories on S2 × T 2, this could imply a relation between the
c-extremization of the two-dimensional SCFTs [69, 70] and the I-extremization principle
of [17, 18].
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A Five-dimensional N = 2 gauged supergravity
The theory we shall be considering, following the conventions of [48], is the five-dimensional
N = 2 Fayet-Iliopoulos (FI) gauged supergravity coupled to nV vector multiplets. It is
based on a homogeneous real cubic polynomial
V (LI) = 1
6
CIJKL
ILJLK , (A.1)
where I, J,K = 1, . . . , nV and CIJK is a fully symmetric third-rank tensor appearing in
the Chern-Simons term. Here, LI(ϕi) are real scalars satisfying the constraint V = 1. The
action for the bosonic sector reads
S(5) =
∫
R4,1
[
1
2
R(5) ?5 1− 1
2
GIJdL
I ∧ ?5dLJ − 1
2
GIJF
I ∧ ?5F J
− 1
12
CIJKF
I ∧ F J ∧ AK + χ2V ?5 1
]
,
(A.2)
where R(5) is the Ricci scalar, F I ≡ dAI is the Maxwell field strength, and GIJ can be
written in terms of V ,
GIJ = −1
2
∂I∂J logV
∣∣
V=1 . (A.3)
We also set 8piG
(5)
N = 1. Furthermore, it is convenient to define
LI ≡ 1
6
CIJKL
JLK . (A.4)
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Therefore, we find that
GIJ =
9
2
LILJ − 1
2
CIJKL
K , LILI = 1 , (A.5)
and
LI =
2
3
GIJL
J , LI =
3
2
GIJLJ , (A.6)
where GIKG
KJ = δIJ . The inverse of GIJ is given by
GIJ = 2LILJ − 6CIJKLK , (A.7)
where CIJK ≡ CIJK . We then have
LI =
9
2
CIJKLJLK . (A.8)
The metric on the scalar manifold is defined by
gij = ∂iL
I∂jL
JGIJ
∣∣
V=1 , (A.9)
and the scalar potential reads
V (L) = VIVJ
(
6LILJ − 9
2
gij∂iL
I∂jL
J
)
. (A.10)
Here, VI are FI constants which are related to the vacuum value L¯I of the scalars LI ,
L¯I = ξ
−1VI , (A.11)
where ξ3 = 9
2
CIJKVIVJVK and the AdS5 radius of curvature is given by g
−1 ≡ (ξχ)−1. A
useful relation of very special geometry is,
gij∂iL
I∂jL
J = GIJ − 2
3
LILJ . (A.12)
Thus,
V (L) = 9VIVJ
(
LILJ − 1
2
GIJ
)
. (A.13)
B Four-dimensional N = 2 gauged supergravity
We consider the four-dimensional N = 2 FI-gauged supergravity with a holomorphic
prepotential
F (XΛ) = −1
6
CIJKX
IXJXK
X0
, (B.1)
where XΛ represent the symplectic sections and Λ = 0, 1, 2, 3. The physical scalars zI
(I = 1, 2, 3) belonging to the vector multiplets are given by
zI =
XI
X0
, (B.2)
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and parameterize a special Ka¨hler manifold M of complex dimension nV with metric
gij¯ = ∂i∂j¯K(z, z¯) . (B.3)
Here, K(z, z¯) is the Ka¨hler potential and it reads
e−K(z,z¯) = i
(
X¯ΛFΛ −XΛF¯Λ
)
, (B.4)
where FΛ ≡ ∂ΛF . Plugging (B.1) into (B.4) we find that
e−K(z,z¯) =
4i
3
CIJK Im zI Im zJ Im zK = 8e−6φ , (B.5)
where due to the symmetries of the theory we can set X0 = 1. In the last equality we
used Eq. (4.13). Substituting (B.5) into (B.3) and using
∂
∂zI
=
1
2
(
∂
∂ Re zI
− i ∂
∂ Im zI
)
,
∂
∂z¯I
=
1
2
(
∂
∂ Re zI
+ i
∂
∂ Im zI
)
, (B.6)
we can write the Ka¨hler metric as
gIJ = −1
4
∂
∂ Im zI
∂
∂ Im zJ
log
(
4i
3
CIJK Im zI Im zJ Im zK
)
= − 1
4e−6φ
(
CIJ − CICJ
4e−6φ
)
.
(B.7)
Here, we introduced the following notation
CIJ = CIJK Im zK , CI = CIJK Im zJ Im zK . (B.8)
The action of the bosonic part of the supergravity reads [71, 72]10
S(4) =
∫
R3,1
[
1
2
R(4) ?4 1 +
1
4
ImNΛΣFΛ ∧ ?4FΣ + 1
4
ReNΛΣFΛ ∧ FΣ
− gij¯Dzi ∧ ?4Dz¯ j¯ − V (z, z¯) ?4 1
]
,
(B.9)
where Λ,Σ = 0, 1, . . . , nV and i, j¯ = 1, . . . , nV. Note that we already set 8piG
(4)
N = 1. Here,
V is the scalar potential of the theory,
V (z, z¯) = 2g2
(
UΛΣ − 3eKX¯ΛXΣ) ξΛξΣ , (B.10)
where ξΛ are the constant quaternionic moment maps known as FI parameters and
UΛΣ = −1
2
(ImN )−1|ΛΣ − eKX¯ΛXΣ . (B.11)
10We follow the conventions of [48], which is different from [71] by factors of two in the gauge kinetic
terms and the scalar potential V (z, z¯). One can swap between the conventions by rescaling the four-
dimensional metric gµν → 12gµν and then multiplying the action by 2. This will modify the definition of
the symplectic-dual gauge field strength GΛ by a factor of 2, see Eq. (B.15).
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The matrix NΛΣ of the gauge kinetic term is a function of the vector multiplet scalars and
is given by
NΛΣ = F¯ΛΣ + 2iImFΛ∆ ImFΣΘX
∆XΘ
ImF∆ΘX∆XΘ .
(B.12)
In this paper we focus on black holes with the near-horizon geometry AdS2×S2. The
ansatz for the metric and gauge fields is
ds2 = −e2U dτ 2 + e−2U dr2 + e2(V−U) (dϑ2 + sin2 ϑ dϕ2) ,
AΛ = q˜Λ(r) dτ − pΛ(r) cosϑ dϕ . (B.13)
The black hole magnetic and electric charges are then given by [29, 73]
pΛ ≡ 1
4pi
∫
S2
FΛ ,
qΛ ≡ 1
4pi
∫
S2
GΛ = e
2(V−U) ImNΛΣ q˜′Σ + ReNΛΣ pΣ ,
(B.14)
where we defined the symplectic-dual gauge field strength,
GΛ ≡ 2 δL
δFΛ
= ImNΛΣ ?4 FΣ + ReNΛΣFΣ , (B.15)
such that
(
FΛ, GΛ
)
transforms as a (2, nV + 2) symplectic vector under electric-magnetic
duality transformations. Employing Eq. (B.12) we find that
ImNIJ = GIJ , ReNIJ = −CIJK Re zK ,
ImNI0 = −GIJ Re zJ , ReNI0 = +1
2
CIJK Re zJ Re zK ,
ImN00 = −
(
e−6φ − GIJ Re zI Re zJ
)
, ReN00 = −1
3
CIJK Re zI Re zJ Re zK ,
(B.16)
where we defined
GIJ ≡ CIJ − CICJ
4e−6φ
. (B.17)
Therefore, the electric charges read
q0 = −e2(V−U)q˜′0
[
e−6φ + GIJ Re zJ
(
q˜′I
q˜′0
− Re zI
)]
+
p0
2
CIJK Re zJ Re zK
(
pI
p0
− 2
3
Re zI
)
,
qI = e
2(V−U)q˜′0GIJ
(
q˜′J
q˜′0
− Re zJ
)
− p0CIJK Re zK
(
pJ
p0
− 1
2
Re zJ
)
.
(B.18)
In the gauged STU model (nV = 3) the only nonvanishing intersection numbers are
C123 = 1 (and cyclic permutations). Hence,
GIJ =
− Im z
1 Im z2 Im z3
(Im zI)2
if I = J
0 otherwise
, (B.19)
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and
q0 = −e2(V−U)q˜′0 Im Π
[
1−
3∑
I=1
Re zI
(Im zI)2
(
q˜′I
q˜′0
− Re zI
)]
− 2p0Re Π +
∑
I<J
( 6=K)
Re zI Re zJpK ,
qI = −e2(V−U)q˜′0 Im Π
(Im zI)2
(
q˜′I
q˜′0
− Re zI
)
+
Re Π
Re zI
(
p0 −
∑
J(6=I)
pJ
Re zJ
)
,
(B.20)
where we employed the following notation
Im Π ≡ Im z1 Im z2 Im z3 , Re Π ≡ Re z1Re z2Re z3 . (B.21)
C Generalities about the supersymmetric Casimir energy
The partition function of an N = 1 supersymmetric gauge theory with a non-anomalous
U(1)R symmetry on a Hopf surface Hp,q ' S3×S1, with a complex structure characterized
by two parameters p, q, can be written as
Z [Hp,q] = e−ESUSYI(p, q) . (C.1)
Here, I(p, q) is the superconformal index [6, 9]
I(p, q) = Tr(−1)Fph1+r/2qh2+r/2 , (C.2)
where h1 and h2 are the generators of rotation in orthogonal planes and r is the supercon-
formal R-symmetry. ESUSY is the supersymmetric Casimir energy [10–12],
ESUSY(b1, b2) =
4pi
27
(|b1|+ |b2|)3
|b1||b2| (3c− 2a)−
4pi
3
(|b1|+ |b2|) (c− a) , (C.3)
where p = e−2pi|b1|, q = e−2pi|b2|, and a, c are the central charges of the four-dimensional
N = 1 theory. We can extrapolate this result to include flavor symmetries by considering
a and c as trial central charges, depending on a set of chemical potentials ∆ˆI ,
a(∆ˆI) =
9
32
TrR(∆ˆI)
3 − 3
32
TrR(∆ˆI) , c(∆ˆI) =
9
32
TrR(∆ˆI)
3 − 5
32
TrR(∆ˆI) , (C.4)
where R is a choice of U(1)R symmetry and the trace is over all fermions in the theory.
The supersymmetric Casimir energy can be also interpreted as the vacuum expectation
value 〈Hsusy〉 of the Hamiltonian which generates time translations [12]. It can also be
obtained by integrating anomaly polynomials in six dimensions [13]. In particular, the
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supersymmetric Casimir energy for N = 4 super Yang-Mills (SYM) theory with SU(N)
gauge group, where a = c, reads11
ESUSY =
pi
8
(
N2 − 1) (|b1|+ |b2|)3|b1||b2| ∆ˆ1∆ˆ2∆ˆ3 , (C.5)
where ∆ˆ1,2,3 are the chemical potentials for the Cartan generators of the R-symmetry,
fulfilling the constraint
∆ˆ1 + ∆ˆ2 + ∆ˆ3 = 2 . (C.6)
We can rewrite Eq. (C.5) in the notation used in the main text as
ESUSY = −ipi(N2 − 1)∆1∆2∆3
ω1ω2
, (C.7)
where we defined ∆I = i (|b1|+ |b2|) ∆ˆI/2 and ωi = −i|bi|. They satisfy the constraint
∆1 + ∆2 + ∆3 + ω1 + ω2 = 0 . (C.8)
When extended to the complex plane ∆I and ωi are defined modulo 1.
The constraints (C.8) and (1.3) are closely related to the absence of pure and mixed
gauge anomalies. Let us briefly see why. Consider again a generic N = 1 supersymmetric
gauge theory. The constraint (C.8) is modified to
∑
I∈Wa
∆I +
2∑
i=1
ωi = 0 , (C.9)
where ∆I is the chemical potential for the I-th field and the sum is restricted to the
fields entering the superpotential term Wa. There is one constraint for each monomial Wa
in the superpotential of the theory. The path integral on S3 × S1 localizes to a matrix
model where one-loop determinants must be regularized. ESUSY arises from the following
regularization factors [12, 13]
Ψ(u) = ipi
(
∑2
i=1 ωi)
3
24ω1ω2
[
(uˆ− 1)3 −
∑2
i=1 ω
2
i
(
∑2
i=1 ωi)
2
(uˆ− 1)
]
, (C.10)
where uˆ = −2u/∑2i=1 ωi and u is a chemical potential for gauge or flavor symmetries.
More precisely, denoting with z the gauge variables, ESUSY gets an additive contribution
Ψ(z + ∆I) from each chiral multiplet and −Ψ(z) for each vector multiplet. One can
pull out regularization factors from the matrix model only if they are independent of the
gauge variables. The constraint (C.9) implies that
∑
I∈Wa ∆ˆI = 2, where again ∆ˆI =
11The R-symmetry ’t Hooft anomalies for N = 4 SYM are given by TrR(∆ˆI) = (N2 − 1)[
∑3
I=1(∆ˆI −
1) + 1] = 0 and TrR(∆ˆI)
3 = (N2 − 1)[∑3I=1(∆ˆI − 1)3 + 1] = 3(N2 − 1)∆ˆ1∆ˆ2∆ˆ3. The ∆ˆI are the
R-symmetries of the three adjoint chiral multiplets of N = 4 SYM and satisfy (C.6).
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−2∆I/
∑2
i=1 ωi. Hence ∆ˆI parameterizes a trial R-symmetry of the theory. One can see
that, if all (pure and mixed) gauge anomalies cancel, ESUSY is indeed independent of z if
the chemical potential satisfy (C.9) [13]. The final result for ESUSY is then easily computed
to be,
ESUSY = ipi
(
∑2
i=1 ωi)
3
24ω1ω2
[
TrR(∆ˆI)
3 −
∑2
i=1 ω
2
i
(
∑2
i=1 ωi)
2
TrR(∆ˆI)
]
. (C.11)
Using (C.4) and ωi = −i|bi| we recover (C.3).
A similar quantity constructed from
Ψ˜(u) = ipi
(
∑3
i=1 ωi)
3
24ω1ω2ω3
[
(uˆ− 1)3 −
∑3
i=1 ω
2
i
(
∑3
i=1 ωi)
2
(uˆ− 1)
]
, (C.12)
appears in the modular transformation of the integrand of the matrix model [16].12 Here
the angular momentum fugacities are written as p = e−2piiω1/ω3 , q = e−2piiω2/ω3 , the gauge
fugacity as e2piu/ω3 , and uˆ = −2u/∑3i=1 ωi. In a theory with no gauge anomalies, the sum
of Ψ˜(z+∆I) from each chiral multiplet and −Ψ˜(z) for each vector multiplet is independent
of the gauge variables z and can be pulled out of the integral if the constraint
∑
I∈Wa
∆I +
3∑
i=1
ωi = 0 , (C.13)
is fulfilled [16, 74]. The sum then becomes
ϕ = ipi
(
∑3
i=1 ωi)
3
24ω1ω2ω3
[
TrR(∆ˆI)
3 −
∑3
i=1 ω
2
i
(
∑3
i=1 ωi)
2
TrR(∆ˆI)
]
. (C.14)
This observation has been used in [16] to write the index as
I(p, q,∆I) = e
ϕImod(ωi,∆I) , (C.15)
where Imod is a modified matrix model depending on modified elliptic gamma functions.
As noticed in [16], the supersymmetric Casimir energy can be extracted from ϕ in the low
temperature limit. Indeed, in the limit ω3 = 1/β → 0, ϕ becomes exactly βESUSY. It is
interesting to notice that, for N = 4 SYM, by setting one of the ωi equal to −1, ϕ reduces
to our quantity (1.2) and (C.13) to the constraint (1.3). This is an observation to explore
further. In particular, it would be interesting to understand the physical meaning of Imod
and the decomposition (C.15).
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